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Modulation of a quantized vortex street with a vibrating obstacle
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Dynamics of a superfluid flow past an obstacle are investigated by solving the Gross–Pitaevskii
equation numerically. For appropriate velocity and size of the obstacle, quantized vortices are
periodically generated in the wake, which form a Be´nard–von Ka´rma´n vortex street. It is found
that vibration of an obstacle modulates the vortex street, breaking a symmetry. The parameter
dependence of the modulation dynamics of vortices is investigated.
I. INTRODUCTION
When a cylindrical obstacle is moved in a viscous fluid
with an appropriate velocity, vortices are periodically
shed in the wake, forming a long-lived vortex street. This
phenomenon was experimentally studied by Be´nard [1]
and the stability of the vortex street was theoretically
investigated by von Ka´rma´n [2, 3] in the early twentieth
century. The Be´nard–von Ka´rma´n (BvK) vortex streets
are observed in a wide scale throughout nature: from a
bathtub to the atmosphere on a planet.
The behaviors of a classical viscous fluid past an obsta-
cle are characterized by the Reynolds number, Re, which
is proportional to the size and velocity of the obstacle
and inversely proportional to the kinematic viscosity. A
stationary flow is stable for a small value of Re. When Re
exceeds a critical value, an instability sets in and vortices
are shed in the wake, forming the BvK vortex street. For
a very large value of Re, the flow behind the obstacle be-
comes turbulence. Thus, in a classical fluid, the viscosity,
which is included in Re, plays an important role for the
vortex street generation.
In contrast, Sasaki et al. [4] theoretically predicted
that a BvK-like vortex street can also be generated in
superfluids, in which viscosity is absent and a vortex is
quantized. This prediction has been made by numeri-
cal simulations of the Gross–Pitaevskii (GP) equation,
and therefore the phenomenon can be observed in the
systems that are described by the GP equation, such
as an atomic-gas Bose–Einstein condensate [5] and an
exciton–polariton superfluid in a semiconductor micro-
cavity [6, 7]. Theoretical studies on the dynamics of su-
perfluids behind a moving obstacle have been performed
by many researchers [8–14].
In the present paper, we extend the study in Ref. [4]
to the case in which an obstacle moves along a sinusoidal
trajectory. In classical fluids, it has been found that such
a vibrating cylinder in a flow generates various types of
vortex streets, in which the symmetry between two rows
of vortices is broken [15, 16]. We will show that such
symmetry breaking occurs also for the BvK vortex street
in a superfluid. When the oscillation frequency and the
vortex shedding frequency satisfy some resonance con-
dition, the vortex street is shown to be modulated and
become asymmetric.
This paper is organized as follows. Section II formu-
lates the problem. Section IIIA briefly reviews the case
of straight motion of an obstacle [4] and Sec. III B shows
the case of sinusoidal motion, which is the main result of
the paper. Section IV gives conclusions to the study.
II. FORMULATION OF THE PROBLEM
We consider the two-dimensional GP equation given
by
ih¯
∂ψ
∂t
= −
h¯2
2m
∇2ψ + V ψ + g|ψ|2ψ, (1)
where ψ(x, y, t) is the macroscopic wave function,
V (x, y, t) is an obstacle potential, and g is an interaction
coefficient. The obstacle potential is assumed to have a
Gaussian shape as
V (r, t) = V0 exp{−[r − rpot(t)]
2/d2}, (2)
where V0 is the peak intensity, rpot(t) is the position of
the center, and d is the 1/e width. For an atomic Bose–
Einstein condensate, such a potential can be produced
by a blue-detuned (V0 > 0) or red-detuned (V0 < 0)
Gaussian laser beam. In the present study, we consider
the case of V0 > 0. The vortex generation dynamics for
V0 < 0 has been studied in Ref. [18]. The potential is
moved sinusoidally as
rpot(t) = −vtxˆ+ a sin(ωt)yˆ, (3)
where xˆ and yˆ are the unit vectors, v > 0 is the velocity
in the −x direction, and a and ω are the amplitude and
frequency of the oscillation.
We numerically solve Eq. (1) using the pseudospec-
tral method [17]. The initial state is the ground state of
Eq. (1) with the initial position of the Gaussian poten-
tial, which is obtained by the imaginary-time propaga-
tion method. The norm of the wave function,
∫
|ψ|2dr,
is chosen such that the density n0 far from the obsta-
cle potential becomes a desired value. To break the ex-
act numerical symmetry, small white noise is added to
the initial state. We take a large enough space and the
boundary condition does not affect the result.
The characteristic length scale of the system is the
healing length defined by ξ = h¯/(mgn0)
1/2. The sound
velocity for the uniform density n0 is vs = (gn0/m)
1/2.
2(a) (b)
de
ns
ity
ph
as
e
1.4n0
0
−pi
pi
x
y
FIG. 1: Snapshots of the density (|ψ|2) and phase (arg ψ) profiles for the straight motion of the obstacle, a = 0. (a) v = 0.48vs,
d = 1.26ξ, and V0 = 100µ. (b) v = 0.44vs, d = 2.24ξ, and V0 = 100µ. The arrows in (a) indicate directions of propagation of
vortex dipoles. The arrows in (b) indicate directions of rotation of corotating vortex clusters. The blue and red dots in the
phase profiles indicate vortices with clockwise and counterclockwise circulations, respectively. The field of view is 250ξ × 95ξ.
See the movie [19] showing the dynamics in (a) and (b).
The characteristic time scale and energy are defined as
τ = h¯/(gn0) and µ = gn0, respectively. For a typical
experimental system of an atomic Bose–Einstein conden-
sate, ξ ∼ 0.1 µm, vs ∼ 1 mm/s, and τ ∼ 0.1 ms. For an
exciton–polariton superfluid in a semiconductor micro-
cavity, ξ ∼ 1 µm, vs ∼ 10
6 m/s, and τ ∼ 1 ps [7].
The GP equation in Eq. (1) has a scaling property.
Normalizing the length, time, and density by ξ, τ , and n0,
respectively, we can eliminate the interaction coefficient
g from the equation as
i
∂ψ˜
∂t˜
= −
1
2
∇˜2ψ˜ + V˜ ψ˜ + |ψ˜|2ψ˜, (4)
where tildes are put to the normalized quantities. The
independent parameters are therefore V0, d, v, a, and ω.
When V0 is much larger than the chemical potential µ,
the Gaussian potential in Eq. (2) is almost equivalent to
a circular hard-wall potential with an effective radius R,
given by
V0e
−R2/d2 ≃ µ. (5)
The height V0 and 1/e width d of the potential are thus
not independent parameters for V0 ≫ µ.
III. NUMERICAL RESULTS
A. Straight motion of an obstacle
First, we consider the case of a = 0 in Eq. (3), i.e., the
potential moves straight in the −x direction. It has been
known that quantized vortex–antivortex pairs, which we
call vortex dipoles, are released behind an obstacle above
a critical velocity [8]. For appropriate values of v and d,
quantized vortices in the wake form two kinds of typical
patterns [4], as shown in Fig. 1. In Fig. 1(a), periodically
released vortex dipoles incline alternately, breaking the
symmetry with respect to the x axis. Since vortex dipoles
propagate in the directions as indicated by the arrows in
Fig. 1(a), the inclined vortex dipoles propagate obliquely,
and the vortex pattern spreads in the downstream.
Figure 1(b) shows an interesting vortex pattern, which
was first reported in Ref. [4]. The building block of
the vortex pattern is not a vortex dipole but a pair of
corotating vortices with the same circulation, which we
call a “vortex cluster”. The vortex clusters with op-
posite circulations are released alternately, which form
two rows in the wake. This vortex shedding dynamics
and resultant vortex pattern are similar to those in the
BvK vortex street in classical fluids, in that clockwise
and counter clockwise vortices are shed alternately and
two rows of vortices are aligned linearly. As shown by
von Ka´rma´n [2, 3], the vortex pattern as generated in
Fig. 1(b) is very stable and has a long lifetime.
From the movies [19] showing the dynamics in Fig. 1,
it seems that two different instabilities are responsible
for the vortex pattern formations. The first one is the
instability that inclines the vortex dipoles in Fig. 1(a).
At the first stage, the vortex dipoles have the symmetry
with respect to the x axis, and after some time the in-
clination of the vortex dipoles starts. The second one is
the instability that causes a transition from the vortex
dipole generation to the BvK vortex street generation.
In the movie corresponding to Fig. 1(b), we can see that
the former changes to the latter dynamically.
For the velocity v slower than the critical velocity of
vortex generation, the flow pattern is a stationary lam-
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FIG. 2: Snapshots of the density profiles for the sinusoidal motion of the obstacle. (a) v = 0.43vs, a = 32ξ, and ω = 0.006τ
−1.
(b) v = 0.41vs , a = 32ξ, and ω = 0.008τ
−1. Other parameters are the same as those in Fig. 1(b). The field of view is
500ξ × 125ξ.
inar flow. For a very large velocity, the flow pattern
becomes irregular or a Cherenkov-like pattern [20, 21].
The periodic vortex shedding as shown in Fig. 1 is re-
stricted between these two parameter regions. (The de-
tailed parameter diagram is obtained in Ref. [4].) The
vortex dipole generation as in Fig. 1(a) tends to occur
for a smaller obstacle, and the BvK-like vortex street
tends to appear for a larger obstacle. For an interme-
diate size of an obstacle, the former (latter) occurs for
a slower (faster) velocity, where the vortex dipole gen-
eration changes to the BvK-like vortex street with an
increase in the velocity.
B. Sinusoidal motion of an obstacle
We next consider the case of sinusoidal trajectories of
the obstacle potential (a 6= 0 in Eq. (3)), and investi-
gate how the Bvk-like vortex street is affected by the
sinusoidal motion. Since the parameter region for the
Bvk-like vortex street to emerge is narrow [4], we restrict
the parameters V0, d, and v to that region, and study the
a and ω dependence of the vortex shedding dynamics.
First, we examine the low frequency limit, in which ω
is much smaller than the vortex shedding frequency and
the wavelength of the sinusoidal trajectory is much larger
than the distance between vortex clusters. The result is
shown in Fig. 2(a). The BvK-like vortex street is shed
along the smoothly curved trajectory. For sinusoidal mo-
tion given in Eq. (3), the minimum and maximum veloc-
ities are vmin = v and vmax = (v
2 + a2ω2)1/2 and the
root-mean-square velocity is v¯ = (v2 + a2ω2/2)1/2. For
the parameters in Fig. 2(a), vmin and vmax fall into the
parameter region of the BvK-like street. For a larger
value of aω, vmin, vmax, or both go out of the parame-
ter region of the BvK-like street even when v¯ falls into
that region. Figure 2(b) shows such a case. The vortex
patterns are disturbed, although the BvK-like pattern is
partly observed (dashed circle in Fig. 2(b)).
Figure 3 shows the case of a larger frequency ω = 0.1τ−1,
in which the amplitude a is much smaller than that
in Fig. 2. The frequency ω = 0.1τ−1 is about twice
the shedding frequency of the vortex clusters. For a
small amplitude, in Fig. 3(a), the vortex pattern is sim-
ilar to the BvK-like vortex street for straight motion
in Fig. 1(b). As a is increased, the symmetry between
the two rows of the vortex clusters is spontaneously bro-
ken. In Fig. 3(b), one can see that the vortex clusters in
the upper row is larger than those in the lower row. In
Fig. 3(c), the symmetry breaking is significant, where the
vortex clusters in the upper row disintegrate in the down-
stream. Whether the vortex clusters in the upper row or
lower row become large depends on the initial condition
that breaks the symmetry, since Eq. (1) has the symme-
try with respect to y → −y. In fact, the behaviors of
the upper and lower rows can be exchanged by changing
the initial condition (the initial phase of the oscillation in
Eq. (3) and added initial noises). The roles of the upper
and lower rows can be exchanged during the dynamics.
In the movie [19] corresponding to Fig. 3(b), we can see
that the vortex clusters in the upper row is first enlarged
and then the lower row takes over. For a larger amplitude
a, the vortex pattern is disturbed, as shown in Fig. 3(d).
Thus, the degree of the symmetry breaking of the BvK-
like vortex street increases with a, until the periodicity is
disturbed for a >∼ ξ. It should be noted that the appro-
priate value of a for the symmetry breaking phenomenon
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FIG. 3: Snapshots of the density (|ψ|2) and phase (arg ψ) profiles for the sinusoidal motion of the obstacle. The oscillation
frequency is ω = 0.1τ−1 and the amplitude is (a) a = 0.16ξ, (b) a = 0.32ξ, (c) a = 0.64ξ, and (d) a = 1.28ξ. Other
parameters are the same as those in Fig. 1(b). The blue and red dots in the phase profiles indicate vortices with clockwise and
counterclockwise circulations, respectively. The field of view is 250ξ× 95ξ. See the movie [19] showing the dynamics in (b) and
(c).
is a ∼ ξ, i.e., the amplitude is comparable to the size
of a vortex. The sinusoidal motion has a significant in-
fluence on the vortex shedding dynamics, even when the
amplitude is much smaller than the size of the obstacle
potential.
Figure 4 shows the ω dependence of the vortex dynamics,
where the amplitude a is the same as that in Fig. 3(c).
The frequency ω in Fig. 4(c) is the same as that in Fig. 3,
and therefore the parameters in Fig. 4(c) and Fig. 3(c)
are identical. As ω is decreased, the enlargement of the
vortex clusters becomes intermittent, that is, the vor-
tex shedding as in Fig. 4(c) and that in Fig. 1(b) are
interchanged intermittently. At ω = 0.08τ−1, an inter-
esting resonance emerges as shown in Fig. 4(b), where
every third vortex cluster is enlarged. When ω is fur-
ther decreased, the enlargement of the vortex clusters
occurs not only in the one row but also in both rows
successively, which is however intermittent, as shown in
Fig. 4(a). For ω <∼ 0.05τ
−1, the enlargement of the vor-
tex clusters ceases and there seems to be no significant
effect of the sinusoidal motion on the BvK-like vortex
street (data not shown), that is, the vortex pattern is
similar to that in Fig. 1(b).
As ω is increased from 0.1τ−1, the enlargement of
the vortex clusters becomes intermittent, as shown in
Fig. 4(d), which is similar to the vortex pattern in
Fig. 4(a). Around ω = 0.15τ−1, the vortex pattern
changes drastically, as shown in Fig. 4(e), where neither
vortex dipoles nor vortex clusters are formed, and the
periodically released vortex are apart from each other.
This may be regarded as that the enlargement of vortex
clusters, as shown in Figs. 4(a) and 4(d), occurs succes-
sively in both rows. For a larger value of ω, the enlarge-
ment of vortex clusters becomes intermittent again, in
a manner similar to Figs. 4(a) and 4(d). The enlarge-
ment of vortex clusters ceases and the BvK-like vortex
street is generated for ω >∼ 0.25τ
−1 (data not shown).
For ω ≃ 0.18τ−1, extra vortex dipoles are created during
the vortex street generation, as indicated by the arrow in
Fig. 4(f), which may be due to the disturbances by the
fast oscillation of the obstacle. For ω >∼ 0.25τ
−1, the fast
oscillating potential is effectively averaged in time and
the disturbances are decreased. Thus, when the oscilla-
tion frequency of the obstacle is much larger or smaller
than the vortex shedding frequency, the vortex pattern
is not much affected, and when the oscillation frequency
ω is comparable to the vortex shedding frequency, the
vortex pattern depends on ω in a complicated manner.
There may be other types of resonance dynamics, which
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FIG. 4: Snapshots of the density (|ψ|2) and phase (arg ψ) profiles for the sinusoidal motion of the obstacle. The oscillation
amplitude is a = 0.64ξ and the frequency is (a) ω = 0.06τ−1, (b) ω = 0.08τ−1, (c) ω = 0.1τ−1, (d) ω = 0.12τ−1, (e)
ω = 0.15τ−1, and (f) ω = 0.18τ−1. Other parameters are the same as those in Fig. 1(b). The blue and red dots in the phase
profiles indicate vortices with clockwise and counterclockwise circulations, respectively. The field of view is 315ξ × 95ξ.
however need fine tuning of the oscillation frequency.
Comparing the movies [19] of Figs. 1(b) and 3(b), we
find that the BvK-like vortex street emerges faster in
Fig. 3(b) than in Fig. 1(b), i.e., the vibration of the ob-
stacle seems to enhance the emergence of the BvK-like
vortex street. Figure 5 shows the dynamics of the early
stage, where the obstacle starts to move at t = 0. For
the straight motion of the obstacle (Fig. 5(a)), a vor-
tex dipoles are first generated (t = 10τ) and the sub-
sequent vortex dipoles are inclined. For the sinusoidal
motion of the obstacle (Fig. 5(b)), the sixth and seventh
released vortices form a tight vortex cluster (dashed cir-
cle in Fig. 5(b)), which is followed by the BvK-like vortex
street with tight vortex clusters.
IV. CONCLUSIONS
We have investigated the dynamics of quantized vor-
tex shedding from an obstacle moving in a superfluid, in
which the obstacle traces a sinusoidal trajectory. As in
the case of the straight motion of an obstacle, quantized
vortex–antivortex pairs are released when the velocity ex-
ceeds some critical velocity, and for appropriate param-
eters, a BvK-like vortex street emerges in the wake. In
contrast to the case of the straight motion, the symmetry
between the two rows of the BvK street is broken; the size
of the corotating vortex clusters is enlarged in either row
(Fig. 3(c)). This phenomenon occurs when the oscilla-
tion frequency of the obstacle is close to twice the vortex
shedding frequency and the amplitude is comparable to
the healing length. We have studied the amplitude a and
frequency ω dependence of the vortex shedding dynam-
ics. The degree of the symmetry breaking of the BvK-like
vortex street increases with a and the periodic street is
destroyed for a >∼ ξ (Fig. 3). The ω dependence is com-
plicated; the enlargement of the vortex clusters occurs in
various ways, as shown in Fig. 4. The sinusoidal motion
enhances the symmetry breaking and promotes the tran-
sition from vortex dipole generation to BvK-like vortex
street generation.
The BvK-like vortex street generation in superfluids is
an example of a highly nonlinear phenomenon far from
the equilibrium. When some external vibration is applied
to such a system and the frequency approaches some res-
onance, we expect that the system exhibits nontrivial
resonant dynamics due to nonlinearity and nonequilib-
rium.
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FIG. 5: Snapshots of the density (|ψ|2) and phase (arg ψ) pro-
files. (a) Without sinusoidal motion. (b) Sinusoidal motion
with ω = 0.1τ−1 and a = 0.32ξ. Other parameters are the
same as those in Fig. 1(b). The blue and red dots in the phase
profiles indicate vortices with clockwise and counterclockwise
circulations, respectively. The field of view is 125ξ × 95ξ.
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